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Abstract 
Proving and disproving some earlier conjectures, we give a characterization of the numbers 
of permutations avoiding each pattern of length 4. Some implications for longer patterns are 
included. 
I. Introduction 
Let q=(q l ,q2  . . . . .  qk )ESk  be a permutation, and let k~n.  We say that the permuta- 
tion p = (pl, P2 . . . . .  pn) E Sn is q-avoiding if and only if there is no 1 ~< iq, < iq, < .... 
< iqk <~n such that p( i l )  < p(i2) < . . .  < p(ik). For example, a permutation is 12345- 
avoiding, if it does not contain any increasing subsequence of length 5 in the above 
one-line notation. For another example, a permutation is 132-avoiding if it does not 
contain three elements among which the leftmost is the smallest and the middle one 
is the largest. 
It is a long-studied and very hard problem to determine the number S,(q)  of 
permutations in S~ which avoid a certain pattern q. The general conjecture, made by 
Herb Wilf and Richard Stanley claims that only very few of them, namely less than 
K", where K is some constant depending on q. However, efforts to prove this have 
been unsuccessful for most patterns. (To illustrate the complexity of the problem, 
we note that for two permutations a and b, it is an NP-complete problem to 
decide whether a is a pattern of b; and the problem of counting permutations 
in S, avoiding q is known to be #P-complete [2]. That is why in the general case 
all we can expect is an upper bound or an asymptotical formula for this number, and 
not an exact formula.) If q is of length three, then it is known that the number of 
2n n + n-permutations avoiding q is exactly the nth Catalan-number, C, = ( , ) / (  1) 
no matter  what pattern q is' (see [4]). If q is longer, then the most important result 
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is the following lemma of Regev, which solves the problem of monotonic patterns of 
any length. 
Lemma 1 (Regev [3]). For all n, Sn(1234...k) asymptotically equals 
(k  - 1 )2n 
C n(k 2 -2k)/2 ' 
where c is a constant 9iven by a multiple inteyral. 
In particular, S,(1234) is asymptotically equal to c.  9n/n 4. A nice property of 
123... k-avoiding permutations is that they can be decomposed into the union of (k -  1 ) 
decreasing sequences. 
Apart from this, there are some other scattered results giving the answer for some 
particular permutations by bijectively proving that the number of n-permutations avoid- 
ing them equals the number of those which avoid the monotonic pattern. For this kind 
of results, see [6]. 
In this paper we are going to examine patterns of length 4. Earlier results show 
that we can restrict ourselves to the patterns 1234, 1324 and 1423 since any other 
pattern behaves identically to one of these (see [6,1,5]). We are going to prove that 
S,(1324) < 36" and that Sn(1423)<.Sn(1234) < 9"; thus the 9eneral conjecture on the 
exponential upper bound is true for all patterns of length 4. 
Another natural question is to ask how the different patterns relate to each other? 
A general (and probably hard) conjecture states that if S,(ql) < S,(q2) for some 
n, then this inequality holds for all N > n. We are going to prove this conjec- 
ture in all cases when the patterns are of length 4. In other words, we are go- 
ing to show that S,(1423) < S~(1234) if n>~6 and S,(1234) < S,(1324) if n~>7. 
These are the first results we know of which prove that one pattern is more likely 
to occur in a random permutation than an other one. These results were suggested 
by numerical evidence found in [6] showing the values of Sn(q) for n~<8. These 
values are 
• for S,(1423): 1, 2, 6, 23, 103, 512, 2740, 15485, 
• for S,(1234): 1, 2, 6, 23, 103, 513, 2761, 15 767, 
• for S,(1324): 1, 2, 6, 23, 103, 513, 2762, 15793. 
We will actually see what causes the split between these classes. 
Another conjecture has been that for all q of length k, the numbers Sn(q) are asymp- 
totically equal. We are going to disprove this conjecture by showing that both inequal- 
ities mentioned in the previous paragraph old in the asymptotical sense. 
Terminoloyy: Permutations in Sn will be called n-permutations. We will always use 
the one-line notation for permutations. An entry of a permutation which is smaller 
than all the entries it is preceded by is called a left-to-right minimum. An entry which 
is larger than all entries it precedes is called a right-to-left maximum. The entries 
of a permutation which are not left-to-right minima or right-to-left maxima are called 
remain&# entries. 
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2. The pattern 1324 
Theorem 1. For all n~>7, Sn(1234) < Sn(1324). 
Proof. We are going to classify all permutations of n according to the set and po- 
sition of their left-to-right minima and right-to-left maxima. This definition is crucial 
throughout this section; thus we announce it on its own. 
Definition 1. Two permutations x and y are said to be in the same class if and only 
if the left-to-right minima of x are the same as those of y and they are in the same 
positions and the same holds for the right-to-left maxima. 
For example, x = 51234 and y = 51324 are in the same class, but z = 24315 and 
v = 24135 are not as the third entry of  z is not a left-to-right minimum whereas that 
of v is. 
The outline of our proof is going to be as follows: we show that each nonempty 
class contains exactly one 1234-avoiding permutation and at least one 1324-avoiding 
permutation. Then we exhibit some classes which contain more than one 1324-avoiding 
permutation and complete the proof. [] 
Lemma 2. Each nonempty class contains exactly one 1234-avoidinq permutation. 
Proof. Suppose we have already picked a class, that is, we fixed the positions and 
values of  all the left-to-right minima and right-to-left maxima. It is clear that if 
we write all the remaining elements into the remaining slots in decreasing order, 
then we get a 1234-avoiding permutation. (Indeed, the permutation obtained in this 
way consists of  3 decreasing subsequences, that is, the left-to-right minima, right-to- 
left maxima, and the remaining entries, thus, if there were a 1234-pattern, then by 
pigeon-hole principle two of its elements would be in the same decreasing subse- 
quence, which would be a contradiction.) On the other hand, if two of these elements, 
say a and b were in increasing order, then together with the rightmost left-to-right 
minimum on the left of a and the leftmost right-to-left maximum on the right of 
b they would form a 1234-pattern. Finally, if the chosen class is nonempty, then 
we can indeed write the remaining numbers in decreasing order without conflicting 
the existing constraints; otherwise, the class would be empty. (In other words, it is 
the decreasing order of  the remaining elements which violates the least number of 
constraints.) [] 
Corollary 1. The number o f  nonempty classes is asymptotically c .  9n/n 4, where c ix 
as in Lemma 1. 
This is immediate by Lemma 1. 
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Lemma 3. Each nonempty class contains at least one 1324-avoiding permutation. 
ProoL First note that if a permutation contains a 1324-pattern, then we can choose 
such a pattern so that its first element is a left-to-right minimum and its last element is 
a right-to-left maximum. Indeed, we can just take any existing pattern and replace its 
first (last) element by its closest left (right) neighbor which is a left-to-right minimum 
(right-to-left maximum). Therefore, to show that a permutation avoids 1324, it is suf- 
ficient to show that it does not contain a 1324-pattern having a left-to-right minimum 
for its first element and a right-to-left maximum for its last element. (Such a pattern 
will be called a good pattern.) Also note that a left-to-right minimum (right-to-left 
maximum) can only be the first (last) element of  a 1324-pattern. 
Now take any 1324-containing permutation. By the above argument, it has a good 
pattern. Interchange its second and third element. The resulting permutation is in the 
same class as the original because the left-to-right minima and right-to-left maxima 
have not been changed. Repeat this procedure as long as we can. Note that each step 
of  the procedure decreases the number of  inversions of our permutation by at least 1. 
Therefore, we will have to stop after at most (2) steps. Then the resulting permutation 
will be in the same class as the original one, but it will have no good pattern and 
therefore no 1324-pattern, as we claimed. [] 
Notation (by example). In the sequel, we write al * a2 * * bl for the class of per- 
mutations of length 6 which have two left-to-right minima, al and a2, which are in 
the first and third position, and one right-to-left maximum, bl, which is in the last 
position. 
Finally, we must show that 'at least one' in the above lemma does not always mean 
exactly one. I f  n = 7, then the class 3 * 1 • 7 * 5 contains two 1324-avoiding permu- 
tations, 3612745 and 3416725. This proves $7(1234) < $7(1324). For larger n we can 
extend this example in an easy way, such as taking the class n(n-  1).. .  83 * 1 * 7 * 5. 
This shows that there are more 1324-avoiding permutations than 1234-avoiding ones 
and completes the proof of  the theorem. [] 
Definition 2. A class which contains more than one 1324-avoiding permutation is 
called a large class. 
Now we can attack the problem of asymptotics in a simple way. All we need to 
do is to evaluate the number of large classes. I f  there is a positive contant e so that 
the number of large classes is at least e times the number of all classes for all n, then 
we get that Sn(1234) is asymptotically smaller than Sn(1324). The following theorem 
shows that this is indeed the case. 
Theorem 2. Sn(1234) is asymptotically smaller than Sn(1324). 
Proof. We exhibit a set of large classes. They will be built up from our above example, 
that is, the class 3 * 1 • 7 * 5 for n = 7. Now let n > 7 and let us choose any class 
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C of permutations of length n -  7. (For example, let n = 12 and let C be 1 . .52 . )  
Now we define the composition of the class C and the class 3 * 1 * 7 * 5 to a class 
C ~ of length n as follows. Simply add 7 to all left-to-right minima and right-to-left 
maxima of C and leave the empty slots between them as they are. Then write the 
class 3 * 1 * 7 * 5 after this modified version of C. In this way our example re- 
sults in the class 8** 1293 * 1 * 7 * 5, and clearly, we can define the compositon 
of  permutations of these classes as well: if pl = (al,a2 . . . . .  an-7)  E C and p2 - 
(3, bl, 1,bz,7,b3,5) E 3* 1 .7 .5 ,  then let their composition be Pl = (at +7,  a2+7 . . . . .  
an-7 -}- 7,3, bl, 1,b2,7, b3,5) E C .  
Now it is easy to see that if we have the permutations pl E C and p2 C 3 * 1 * 7 * 5, 
and both Pl and P2 are 1324-avoiding, then their composition is 1324-avoiding, too. 
(Indeed, it is not possible for a 1324-pattern to start somewhere among the first n - 7 
entries and end somewhere among the last 7 entries.) Therefore, every class obtained 
in this way will be large because we have two different choices for P2, and at least 
one choice for pl .  
(In our example, we get the permutations: 8 12 10 11 936 1 2745 and 8 12 l0 11 934  
16725. )  
This shows that we can build up a large class of  permutations of length n from 
every single class of permutations of length n - 7. The number of  these classes equals 
Sn_7(1234) by Lemma 2 and this is larger than (1/97)Sn(1234) by Lemma 1. This 
immediately implies that S~(1324)~>(1 + 1/97)Sn(1234), completing the proof of  the 
theorem. 
We have thus proven by the above theorem that S,(1324) is asymptotically larger 
than Sn(1234), disproving the conjecture stating that all patterns of  length k are equally 
likely to occur. We need more work to prove that S,(1324) < K n for some constant K. 
This is the content of the next theorem. 
Theorem 3. For all n, we have Sn(1324) < 3&. 
Definition 3. A map f :Sn  --+ S~ of n-permutations i  called faithful i f  f (p )  is 1324- 
avoiding if and only if p is. 
Proof. We show that each class of n-permutations contains less than 4 n 1324-avoiding 
permutations. We do this step by step, starting with the classes of  the simplest structure 
and advancing towards the most sophisticated ones. In fact, we start with the classes 
where all left-to-fight minima are in the leftmost positions and all right-to-left maxima 
are in the rightmost ones, then we move first the minima into any desired position, 
then we do the same with the maxima. 
1. The easiest case is when we have r left-to-right minima and they are in the 
r leftmost positions, whereas the t right-to-left maxima are in the t rightmost posi- 
tions. Then all these minima are smaller than all these maxima and thus the remain- 
ing entries have to be written in increasing order to avoid 1324-patterns. Therefore 
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none of these classes is large. For example, 53 1 ***** 1197 is such a class with 
n=l l .  
Take the last left-to-right minimum (that is, the entry 1), and move it one step to 
the right. Thus, the class of our example becomes 53 * 1.*** 11 97. How does this 
affect the number of  1324-avoiding permutations in the class? It is clear that if the 
right neighbor x of 1 in the original permutation was larger than the left neighbor y of  
1, then putting x to the just created empty slot does not violate the existing constraints. 
This map is clearly faithful. On the other hand, if x < y, then we cannot put x between 
y and 1, as y is a left-to-right minimum. Therefore, we move x (and all the remaining 
entries which are smaller than y)  one step to the right (so x remains the fight neighbor 
of  1 ) and take the smallest remaining entry which is larger than y and put it in the 
new empty slot between y and 1. This map is again faithful. Finally, we see that we 
can only do this with the smallest remaining entry s which is larger than y, otherwise 
we get a 1324-pattern. Indeed, the remaining entries are written in an increasing order, 
thus moving any other remaining entry z between y and 1 would result in the 1324- 
pattern y,z,s,n. All this sets up a bijection between the 1324-avoiding permutations of  
the original class and those of  the new class. Therefore, the new class has one such 
permutation. Note that the longest decreasing sequence among the remaining elements 
is of  length 2 only. 
In our example, the only 1324-avoiding permutation of  the class 53 1 ***** 1197 
was 53 12468 l01197;  our bijection associates it with the only 1324-avoiding per- 
mutation 5341268101197 of the class 53 * 1 . ***1197.  
2. Let us move the entry 1 one step further to the right. It is easy to check that 
we can build up a bijection as before. (As the remaining entries on the right of 1 
are still in increasing order.) This will hold even if we repeat this procedure several 
times. Therefore, the classes in which only the entry 1 has moved from its 'original' 
position, i.e. where it was when the class was of  the simplest case, are not large. In 
our example, if we move the entry 1 one more step to the right, we get the class 
53 ** 1 *** l l  97 with the only 1324-avoiding permutation 5346128 10 l197.  Note 
again that the longest decreasing subsequence on the remaining elements is still of 
length 2, no matter how many times we have moved the entry 1. 
3. Next, we move the next left-to-right minimum a to the fight but we keep it on 
the left of  the entry 1. We claim that even the classes we get this way are not large. 
The argument is similar to the above: we can set up the correspondent bijection. Note 
that the remainig elements which are larger than a and are on the right o f  a are still 
in increasing order. In our example, the class 5 * 3 * 1 * * * 1197 contains the only 
1324-avoiding perm. 5634 128 10 1197. Note that the longest decreasing subsequence 
among the remaining elements is of  length 3. (In general, this length can only grow 
if we move a new left-to-right minimum to the right.) 
I f  we have more than 3 left-to-right minima, we can continue this procedure ven 
longer to attain any desired position of  them. By the same argument, no class obtained 
this way will be large. 
We summarize our observations made so far in the following lemma. 
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Lemma 4. I f  C is any class of  n-permutations in which all the right-to-leJt maxima 
are consecutively in the rightmost positions, then C is" not large. If" there are t leJt-to- 
right minima which are preceded by an empty slot (not necessarily directly), then the 
longest decreasing subsequence among the remaining elements of  that 1324-avoiding 
permutation can have at most t+ 1 elements'. Moreover, (f we choose an)' left-to-right 
minimum a, then the remaining elements which are larger than a and are on its right 
are written in increasing order. 
Note that as long as a subset of  the remaining elements is written in increasing 
order, none of them can move without creating a 1324-pattern. 
Now we start moving the right-to-left maxima to the left. This time it will be harder 
to keep track of  the number of  1324-avoiding permutations of each class. First, we are 
doing a 'proof by example', that is to say, we go on examining the behavior of  our 
above example, then we generalize. 
4. Let us move the entry 11 one step to the left. We get the class 5 * 3 * 1 • • 11 * 9 7. 
As before, we have to separate two cases according to the entry which previously was 
in the 8th position, and has now been replaced by 11. If this entry was not 10, then 
we can simply put in the 9th position (we just interchange it with 11). This operation 
is again faithful. If this entry was 10 (as in the only 1324-avoiding permutation of  
the previous class), then we cannot interchange it with 11 because 9 is a right-to-left 
maximum. Therefore, we put the entry 8 in the new slot between 11 and 9, we put 10 
at the old place of  8, and leave the other elements unchanged. It is clear that we have 
to pick 8 for this purpose; we cannot do it with any smaller remaining entries. Indeed, 
if any of those entries could go on the right of  8, they would form a 1324-pattern, 
together with 1, 8 and 9. It is easy to check that this operation is faithful, therefore 
the only 1324-avoiding permutation of this latest class is 5 6 3 4 1 2 10 11 8 9 7. 
5. The situation changes when we move 11 further to the left. Next we get the class 
5 * 3 * 1 * 11 * *97. Of course, for the permutations whose 7th entry was not 10, we can 
again put that entry in the 8th position and get a faithful map. However, if that entry 
was 10, then we can put 10 into the old place of 2, 4 or 6, then correspondingly put 2, 
4 or 6 in the new slot just to the right of 11, and leave all the rest unchanged. Each of 
these maps is faithful. Thus, there are three 1324-avoiding permutations in this class, 
namely a=5 103412116897,  b=5631012114897 and c=56341 10112897.  
This has become possible because we have the decreasing subsequence 6, 4, 2 of 
remaining elements and if any of them moves to the old position of 10, it will not go 
to the right of  remaining elements which are larger than itself (except 10) and will thus 
create no new 1324-pattern. Likewise, the entry 10 goes ahead of some small entries, 
but once again by the decreasing property, it will make no harm as the remaining 
elements on the fight of 10 will be smaller than those on the left of 10. This is why 
decreasing subsequences help to produce more 1324-avoiding permutations. 
6. Now we move the second right-to-left maximum, the entry 9, one step to the left. 
We get the class 5 • 3 * 1 • 11 • 9 * 7. Once more, if the entry in the 9th position 
was not 8, then it can be simply put in the 10th position and we get a faithful map. 
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I f  it was 8, then it has to go to the left. How many different positions can it go to? 
We can see that it depends on how long the (longest) decreasing sequence among the 
remaining elements which are on its left and are smaller than 8 is. (Since as above, 
we can define faithful maps by interchanging 8 with any element of that sequence, 
provided they do not go to the left of any other remaining element hey are smaller 
than.) In other words, we get that the permutation 
• a gives rise to the 1324-avoiding permutation 5 1034 12 l l  8967,  
• bgives rise to 583  1012114967 and 5631012118947,  
• finally c gives rise to 5834110112967 and 5638110112947 and 563411011 
8927. 
Thus this class has 6 1324-avoiding permutations. 
How does this generalize to all classes? First, if there are k left-to-right minima 
which move away from the left end, than the longest decreasing subsequence among 
the remaining entries will be of length k. Therefore, when doing our procedure we 
reach the first large class, then that class can have at most k such permutations. (We 
point out that it does not matter how long the distance between to left-to-right minima 
is, because as long as the remaining elements are in increasing order, only the largest 
one of them can move to the right.) When moving the next maximum, one of these k 
permutations will give rise to 1 new 1324-avoiding permutation, the second one will 
give rise to 2 new 1324-avoiding permutations, and so on, according to the position in 
the decreasing sequence from which we moved an element o the right of the moving 
right-to-left maximum. Thus, after this second step we will have at most (k+l) 1324- 
avoiding permutations in our class. We can go on this way: if in the previous step 
we moved away an entry from the ith position of our decreasing subsequence, then 
in the next step we can move away an entry from i different positions, namely the 
first i -  1 position and the one to which we have put our entry we have taken away 
from the ith position last step. This shows that after k -  1 steps the number of 1324- 
avoiding permutations of each class will not grow anymore. (Indeed if a remaining entry 
jumped backwards once, it cannot jump forward again, as we are meeting stronger and 
stronger constraints as the procedure advances.) After three steps we will get a class 
with at most ~-~=0 (iq~l) = (k~-2) 1324-avoiding permutations, after j steps a class with 
(2k-2~ such (k+j-l] such permutations, finally, after all the k - 1 steps a class with ~ k_l J \ j / 
permutations. This is clearly less than 42k-2 .  Moreover, 2k -  2 ~<n as we need at least 
k left-to-right minima and k remaining elements to reach a k-decreasing subsequence. 
Therefore, each class contains less than 4 n 1324-avoiding permutations. The number 
of classes is smaller than 9 n by Corollary 1, thus the proof is complete. [] 
3. The pattern 1423 
The pattern 1423 shows less similarity to the pattern 1234 than 1324 did. The most 
important difference is that its maximal element is not the last one. This suggests that 
we classify the n-permutations in a slightly different way while dealing with this pattern. 
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Definition 4. Two n-permutations x and y are said to be in the same weak class if 
and only if the left-to-right minima of x are the same as those of y and they are in 
the same positions. 
Thus here we do not require that the fight-to-left maxima agree. For example, 34125 
and 35124 are in the same weak class, though they are not in the same class. 
The number of  weak classes is easy to determine, thus we do it here even if we 
will need it only in the proof of Theorem 6. 
Lemma 5. The number ofnonempty weak classes is C~ = (2~)/(n + 1). 
Proof. Analoguous to that of Lemma 2. Each weak class contains exactly one 123- 
avoiding permutation which is obtained by writing all the entries which are not left-to- 
right minima in decreasing order. The number of 123-avoiding permutations i known 
2n n + to be Cn = (~)/(  1) (see [4]) so the proof is complete. [] 
Theorem 4. For all n~>6, Sn(1423)< Sn(1234). 
Proof. We are going to show that each weak class contains at least as many 1234- 
avoiding permutations as 1423-avoiding ones. Then we show that there are some classes 
which contain less of this latter, completing the proof of the theorem. [] 
Take a weak class W with left-to-right minima al,a2,...,am = 1 being in the 
ilth, izth . . . . .  imth positions (necessarily, il = 1.) Choose any permutation p of W. For 
all j ,  let Gy be the set of entries which are larger than aj and are on the fight of 
aj. Now p is 1234-avoiding if and only if all Gj are 123-avoiding. Likewise, p is 
1423-avoiding if all Gj are 312-avoiding. We know by [4] that for each Gj there are 
as many ways to be 123-avoiding as 312-avoiding. The important difference between 
the two structures is in the relation among the Gj. In the sequel, we show that if Gj 
contains 123 for some j, then this raises chances that this will happen for some other 
j more than it does when we replace 123 by 312. We will use a special case of the 
following trivial fact. 
Fact 1. I f  A, B,C,D are finite sets so that [AI = IBI, IcI = IDI and IAnCI~IBnDI ,  
then IA U C I >>, ]B U D[. 
So suppose Gj contains a 123-pattem. Then we consider three different cases. 
1. If all the three elements of that pattem are on the right of some at, t > j, then 
of course Gt is 123-containing. We can say exactly the same for 312-patterns. 
2. If there are just two elements x and y of a 123-pattern of Gj which are on 
the left of  some at, t > j, then what we need for Gt to be 123-containing is just 
one element r between at and x which is smaller than x and larger than at. Thus, in 
both cases the fact that Gj is 123-containing increases the probability of some other 
Gs being so. In fact, once we have such an element r, we can permute the rest of 
Gt - {x, y} any way we want to and Gt will remain 123-containing. On the other 
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hand, this will not hold for 312-patterns. For suppose that Gj is 312-containing for 
some j and the last two elements u and v of  some of its 312-patterns are on the 
right of  some at, t > j ,  but there is no 312-pattern in Gj which is entirely on the 
right of  at. The point is that u < v; therefore, we cannot use both o f  them to build 
up the same 312-pattern in Gt. Indeed, the only way we could possibly use both of 
them would be to make them play the role of  1 and 2 of  that pattern, but then we 
would need an element w E Gt for the role of 3 and then the 312-pattern wuv of Gj 
entirely on the right of  at, contradicting our hypothesis. Thus, when we want to build 
up a permutation in which both Gj and Gt are 312-containing, we have less freedom 
than when we wanted them to contain 123. In other words, it is not enough to pick 
u and v and take any permutation of  the rest of  Gj as it was above. 
3. Finally, if there is just one element u of  any 123-pattern of Gj which is on the 
right of  at, t > j ,  then what we need for Gt to be 123 containing are two elements 
f and h between at and u so that at < f < h < u. Once we have these elements f
and h, we are free to permute the rest of  Gt. 
Likewise, if there are just one element v of a 312-pattem of Gj which are on the 
left of  some at, t > j ,  then what we need for Gt to be 312-containing are two elements 
d and e satisfying at < d < e < v and being both on the right of  v. One sees easily that 
this is equally likely to be true as the existence of  f and h in the above paragraph- 
indeed, if [Gt[ = nt, then the permutations in which u is in the ith position of Gt can  
be associated with the permutations in which v is in the (it t --}- 1 -- i)th position of  Gt. 
Thus in cases 1 and 3 the two patterns behave identically, however, in case two we 
see that it is easier to have both Gj and Gt contain 123 than 312. The above argument 
immediately shows that any week class W which has only two left-to-right minima 
contains less or equal 1234-containing permutations than 1423-containing permutations 
(by Fact 1). I f  W has m > 2 left-to-fight minima, then we can prove the same statement 
by induction on m, as follows: The number of  permutations in W in which G~ is 123- 
containing equals the number of  those in which G1 is 312-avoiding. Restrict ourselves 
now to the part R of the permutations in W which is on the right of a2 (inclusive.) 
By induction, there are more or equal 312-containing ones among them than 123- 
containing ones. Moreover, we can see in a similar way to the above that once again, 
that it is easier to have both of  G~ and R contain 123 than 312, which completes the 
inductive proof by Fact 1. 
This shows that for all n, Sn(1423)<~Sn(1234). All what is left to do is to show 
that the inequality is strict if n/>6. That is, we have to exhibit weak classes in which 
there are strictly more 1234-avoiding permutation than 1423-avoiding one. For n = 6 
there is one such class: 3 * 1. * *. It has 5 1234-containing permutations: 341256, 
341526, 341562, 351246 and 361245. On the other hand, it has 6 1423-containing 
permutations: 341625, 351624, 361452, 361425, 361245 and 361524. That is, this weak 
class contains 12 1423-avoiding permutations and 13 1234-avoiding permutations. If
n > 6, then it is obvious that for example the weak class n(n-1) (n -2) . . .873  * 1 * * * 
will be of  the desired property. Thus we have proved that for all n~>6, Sn(1423) < 
Sn(1234). [] 
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We point out that this result combined with Lemma 1 immediately implies: 
Theorem 5. For all n, S,(1423) < 9 n. 
Thus, we have shown that for any pattern p of  length 4, we have S,(p)  < 3&. 
As before, it is natural to ask whether this inequality holds in the asymptotical sense. 
The answer and the proof is similar to the one we have shown for the pattern 1324. 
This is the content of our next theorem. 
Theorem 6. S,(1423) is asymptotically smaller than S~(1234). 
Definition 5. A weak class which contains more 1234-avoiding permutations than 
1423-avoiding permutation is called a good weak class. 
Proof. We are going to exhibit many good classes. Take any weak class W of (n -  6)- 
permutations. We are going to 'contract' it with the weak class 3 * 1 • ** as follows: 
increment every left-to-right minimum of W by 6 to get the string W t and write W' 
ahead of 3 .  1 ***. For example, if n = 11 and W = 2 . .1 . ,  then we get the 
weak class 8 * * 7 3 * 1 * * *. We claim that all weak classes obtained this way are 
good. This is true by similar argument as above, that is, by saying that the last part 
12 less times of this weak class (the part after 3, inclusive) will be 1423-avoiding 73 
than 1234-avoiding, for the first part the same holds with 'less or equal', and we 
12 becomes only smaller when we put together the two have already seen that this 3
parts of our weak class. Thus, all these weak classes are good and they all contain 
12 at most T5 times as many 1423-avoiding permutations as 1234-avoiding ones. On 
the other hand, it is clear by Lemma 1 that all such weak classes contain altogether 
at least c 9n-6 /n  4 1234-avoiding permutations, where c is as in Lemma 1. (Since 
we can affix any 1234-avoiding permutation of  length n -  6 in front of  our class 
3 * 1 * **.) This is more than 1/96 times all 1234-avoiding permutations by Lemma 1 
again. By the above paragraph, however, these weak classes cannot contain more than 
(~)9  n-6 1423-avoiding permutations. Therefore, 
(1 3) Sn(1423) < Sn(1234) 1 96 , 
and the proof is complete. [] 
4. Further directions 
4.1. Estimates Jor longer patterns 
It is natural to ask the following question: if we know that the conjecture on the 
exponential upper bound holds for a pattern q, then are there any longer patterns 
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for which it must hold as well? The following lemma gives a partial answer to this 
question. 
Lemma 6. Let q be a pattern with first entry 1 so that Sn(q) < K ~ for  some absolute 
constant K. Then there is some absolute constant K1 so that Sn(lq) < K~, where lq 
is the pattern obtained by incrementin9 all entries o f  q by 1 and writing 1 to the 
first position. 
Proof. Take any weak class W. One sees that if an n-permutation p avoids lq, then 
the string of  its entries which are not left-to-right minima must avoid q. Indeed, if there 
were any copy of q on these entries, then one could complete it to a copy of lq by 
joining the smallest left-to-right minimum s on the left of  this copy of q and this copy 
of q. (By the definition of  the left-to-right minima, s is smaller than the first entry of 
our copy of q, and therefore it is smaller than all entries of  that copy because q starts 
with 1.) Thus, the number of  lq-avoiding permutations in W is less than K n as W has 
less than n entries which are not left-to-right minima. On the other hand, the number 
of  weak classes is smaller than 4 ~ by Lemma 5; therefore we get Sn(lq) < (4K) n = K~' 
as claimed. [] 
Remark. The estimate we have just used is not the best possible. For example, in 
the case when S,(q) < (k - 1)2n. Thus, for example, when Sn(q)<~Sn(123.. "k) we 
do better, in fact, we show that the estimate remains essentially the same, that is for 
the new, (k + 1 )-long pattern it will be k 2n. Indeed, if W has i left-to-right minima, 
then there are at most (7) choices for the set of  these minima and at most (n) choices 
for their positions and less than (k - 1)z(n-i) choices for the permutation induced on 
n the other entries. Summing on all i we get that S,( lq)  < ~ i= l  (7)2( k - 1) 2(n-O < 
n (~ i=0 (7) (  k --  1)(n-- i))2 = k2n as we have  c la imed.  
Of course, the dual versions of  this lemma are also true, that is, we can take the 
reverse of  all premutations occurring in the statement or the complement of  all per- 
mutations (that is, in which p~ = n q- 1 - Pi), and the lemma remains true. How- 
ever, due to a lemma of Julian West, we can say more. First iterate this lemma 
and prove this way that if q is as in the lemma, then for all r there is a con- 
stant Kr so that Sn(123 . . . rq) < K n. Therefore, the following lemma of Julian West 
applies. 
Lemma 7. For any r we have S,(123. . . rq)  = S,(r . . .321q).  
See [6] for r = 2, see [1] for r = 3 and see [7] for r > 3. 
Corollary 2. Let q be a pattern with first entry 1 so that Sn(q) < K n for  some 
absolute constant K. Then for  all r there is a constant Kr so that Sn(123 . . . rq) = 
S , ( r . . .  321q) <K~. 
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4.2. Relations between longer patterns 
Theorems 1 and 4 can be easily generalized for longer patterns in the following 
sense .  
Theorem 7. Let q be a pattern of length k which starts with 1, ends with k and has 
only one inversion. Then Sn(123 . . . k )< S~(q) if  n is sufficiently large. 
This can be proved as Theorem 1, that is, defining classes so that each of them 
contains exactly one 123...k-avoiding permutations and at least one q-avoiding one. 
If the inversion is due to the ith and (i + 1)th elements, then such a classification is
obtained as follows. 
Definition 6. For a permutation p, an element is said to be in the j th basic subsequence 
if it is the endpoint of an increasing subsequence of length j, but there is no increasing 
subsequence of length j + 1 ending in that entry. 
It is clear that all basic subsequences are decreasing. Now let us define two per- 
mutations x and y to be in the same class if the set and position of their jth basic 
subsequences agree for all j except i. Then the proof is identical to that of Theorem 1. 
If q has only one inversion, but it does not start with 1 or does not end with k, then 
Sn(q) = 5',1(12...k) as it is shown in [6]. 
Theorem 8. I f  n is large enough, then we have Sn(1 k 2 3...  (k - 1)) < Sn(1 2 3.. .  k ). 
This is proven by cases as Theorem 4 is. Note that this shows that the conjecture 
on the exponential upper bound is true for the pattern 1 k 2 3. . .  (k - 1). 
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